A calculation model is put forward to analyze the effect of a scratch on the running surface of a curved rail on initiation and growth of plastic deformation induced rail corrugation when a wheelset is steadily and repeatedly curving. The numerical method considers a combination of Carter's two-dimensional contact theory, a two-dimensional elastic-plastic finite element model and a vertical dynamics model of railway vehicle coupled with a curved track. A concept of feedback between the corrugation development and the vertical coupling dynamics of the wheelset and track is involved. The cyclic ratchetting effect of the rail material under repeated contact loadings is taken into account. The numerical results indicate that when a vehicle runs on rails with a scratch the contact vibration between the wheel and rail occurs at large amplitude, and rail corrugation due to plastic deformation initiates and develops. The corrugation has a tendency to move along the running direction and its evolution rate decays as wheelset passages increase. The passing frequencies of the plastic deformation induced corrugation depend on the natural frequencies of the track. The residual stresses stabilize after a limited number of wheelset passages. The residual strains increase at a reduced rate with increasing wheelset passages.
Introduction
Rail corrugation is one of the most serious problems in railway engineering. It causes fierce vibrations of the structures of both railway vehicle and track, noise, discomfort for passengers and residents living near the tracks, damage for goods and reduction of the service life of structural parts. According to Grassie and Kalousek (1993) , the mechanism of corrugation formation comprises two features: a wavelength fixing mechanism and a damage mechanism. Typical damage mechanisms are plastic flow and wear. In most suggested models and theories (see e.g., Hempelmann and Knothe, 1996; Igeland and Ilias, 1997; Nielsen, 1999; Tassilly and Vincent, 1991; Mü ller, 1999; Andersson and Johansson, 2004; Jin et al., 2004 Jin et al., , 2005a Jin et al., ,b, 2006a Wu and Thompson, 2005) , wear is the only mechanism considered. When the contact load exceeds a certain limit, 0020-7683/$ -see front matter Ó 2007 Elsevier Ltd. All rights reserved. doi:10.1016 All rights reserved. doi:10. /j.ijsolstr.2007 cyclic plastic strains and residual stresses develop, which usually occurs at railway sites. The cyclic strains are not completely reversed, resulting in cyclic plastic deformation near the rail contact surface. Up to now, there is little published literature considering the effect of the cyclic plastic deformation on rail corrugation. Stimulated by a study of rail corrugation, Johnson and Gray (1975) reproduced the self-generating corrugation on surfaces in rolling contact in the laboratory using a rolling contact disc machine. Theoretical and experimental studies have revealed that the wavelength of such corrugation is determined by the frequency of the contact resonance excited by the disc surface irregularities and the formation and evolution of periodic pattern is due to plastic deformation. Long pitch rail corrugation often occurs on track with high axle loads. The majority of long pitch rail corrugation initiates from welds and joints. Mair (1977) , Mair et al. (1978) from Australia revealed that the necessary conditions for the development of this type of corrugation involve both gross plastic deformation of the rail head and the excitation of resonance involving the vehicle unsprung mass and the track. In the analysis, Mair treated the railway track as a beam-on-elastic foundation, which is the simplest track model. The most acceptable approach to control of plastic deformation induced corrugation is to bring the wheel/rail stress levels and the rail steel plastic flow resistance into balance. The treatment is to reduce the contact force by minimizing the railhead irregularities and to select high strength rails (see for example Marich and Maass, 1986) . Using an analysis method considering a simplified plastic flow model, Suda and Iguchi (1989) studied the effects of the vibration system and rolling direction and speed on the stability of corrugation. Böhmer and Klimpel (2002) investigated the influence of plastic deformation as a possible saturation mechanism on corrugation growth. Their results indicated that the interaction between wear and plastic deformation should lead to a saturated or steady-state rail corrugation. Wen et al. (2005a) conducted the elasticplastic finite element analysis of nonsteady state partial slip wheel-rail rolling contact with the use of a realistic cyclic plastic theory. It was realized that a wavy profile can be easily formed on the running surface of rail subjected to the varying contact force. It is noted that the coupled vehicle-track dynamics was not considered in Wen et al. (2005a) .
Discrete irregularities often exist on the rail surface, such as rail joints, scratches, squats or black spots. In China, there are a large number of rail joints in heavy lines and mountainous lines; rail joints still exist in the buffer areas and turnout areas of the tracks (see for instance, Wen et al., 2005b; Cai et al., 2007) . Usually the yaw angle (or attack angle) and the lateral creepage of a wheelset are large when a train passes a curved track with small radius. Therefore, the adhesion coefficients between locomotive wheels and rails are often reduced and sliding of the wheels occurs on the rails and scratches (or named as cusp-shaped irregularities) easily form on the running surfaces of the rails. Squat is a type of rolling contact fatigue and has become one of the major rolling contact fatigue damage on some railways (see Cannon and Pradier, 1996) . The discrete irregularities mentioned above cause a vertical vibration of the wheel and rail when a wheelset curves through these discrete irregularities on the rail. The normal and tangential loads, frictional work, etc., between the wheels and rails fluctuate. So in such a situation, rail corrugation initiates easily in the first passage of the wheelset and it propagates with an increase of wheelset passage. The rails may corrugate due to wear, or plastic flow, or the two damage mechanisms combined. Fig. 1 shows corrugation occurred on a high curved rail of Shuo-Huang heavy haul line of China. The rail corrugation showed in Fig. 1 propagates from rail joint and the pertinent damage mechanism is a combination of wear and plastic flow. Li et al. (2006) indicated that corrugation of various severities can be seen in the neighborhood of about 72% of the squats in the Netherlands, see Fig. 2 .
Based on the damage mechanism of wear, Jin et al. (2004) investigated the effect of a scratch on curved rail on initiation and evolution of rail corrugation. When a wheelset passes over the rails with irregularities, the wheel/rail contact forces are large enough to lead to plastic deformation on the rail running surface. In practice, there is an interaction of wear damage and plastic deformation damage in the development of rail corrugation. Till now no rail corrugation model can consider three-dimensional material wear mechanism and material plastic deformation mechanism simultaneously in time domain, and their interaction mechanism. Furthermore, there still exist many difficulties in advancing a good theory describing the interaction between wear and plastic deformation. So in the present study, plastic deformation is used as the only damage mechanism to study rail corrugation with a numerical method when a wheelset is steadily and repeatedly curving a track with a scratch. The objective is to know the difference between the results when wear and plastic deformation are taken into account, respectively, and to demonstrate the evolution process of material performances such as stresses, strain and plastic flow under the trough and crest of rail corrugation. The residual stresses and plastic strains are important parameters when wear and plastic deformation are simulated using computer, see for instance Kapoor and Franklin (2000) and Franklin et al. (2001) . In the present calculation a combination of Carter's two-dimensional rolling contact theory, a two-dimensional elastic-plastic finite element model and a vertical dynamic model of railway vehicle coupled with a curved track is considered. In the establishment of the vertical dynamics model of the vehicle coupled with a track, for simplicity, only one fourth of freight car without lateral motion is considered. The Euler beam is used to model the rails and the track structure under the rails is replaced with equivalent springs, dampers and mass lumps. The cyclic ratchetting effect of the rail material is taken into account. In the numerical analysis, the influence of the lateral motion of the vehicle and track on the normal loads between the wheels and rails is ignored.
Calculation model for plastic deformation induced corrugation
Corrugation occurring on curved tracks is the most serious at the railway sites, at least in China. A curved track with radius R 0 = 300 m is selected in the present numerical analysis, shown in Fig. 3 . The curved track gauge is 1443 mm and the type of rails laid is 60 kg/m. The nominal rolling radius of the wheelset passing the curve is that r 0 = 420 mm, and it has cone profile with TB type from China. The curving speed of the wheelset is v 0 = 50 km/h. According to the numerical results of dynamical simulation of railway vehicles (Miyamoto and Fujimoto, 1989) we assume that the lateral shift of center of the wheelset y = 14 mm and the yaw angle w = 0.2°. With the parameters of the wheelset motion and track geometry given above the creepages of the wheels and rails are calculated with the creepage formula (see Jin et al., 2005b ) when the wheelset is curving. We consider the contact of the left side wheel and rail showed in Fig. 3 and the steady longitudinal creepage is n = 1.207 · 10 À3 . A scratch or discrete cusp-shaped irregularity mentioned in Section 1 is assumed on the running surface of the high rail and described with the following function
where w s is the depth of the scratch, l 1 = 36 mm which is the length of the scratch, b 0 is the maximum depth of the scratch, selected as 0.2 mm, see Jin et al. (2004) .
Partial slip line rolling contact
When a wheel and a rail are brought into contact under the action of the static wheel load, the contact area and the pressure distribution are usually determined by using the Hertz theory. The normal pressure distribution is (Johnson, 1985, p. 95) pðx; yÞ
where
is the maximum contact pressure. In Eqs. (2) and (3), P is the total normal contact force. x and y are the coordinates in the longitudinal and lateral directions, respectively. a and b are the half widths of the contact area in the x and y directions, respectively. In the case of an infinitely long cylinder subjected to a normal load, the normal pressure distribution is (Johnson, 1985, p. 101) 
where the maximum pressure can be expressed as 
The equivalent concept is based on the condition that the maximum Hertzian pressures are identical in the three-dimensional and the two-dimensional cases. In addition, the contact lengths in the longitudinal direction are identical in the two cases. Three-dimensional elastic-plastic analysis of rolling contact is still computational intensive (Jiang et al., 2002) .
When the normal contact force varies with time, t, both the distribution of the contact pressure and the contact area are a function of time. For the simplified two-dimensional (line) rolling contact, the normal pressure distribution can be expressed using the following form (refer to Fig. 4 
where a 1 (t) and a 2 (t) are the two edges of the contact pressure distribution at time, t, e(t) is the distance of the center of the contact patch from the z-axis at time, t, and a(t) is the half contact width at the time moment, t. These parameters meet the following conditions: a 1 (t) 6 x 6 a 2 (t), a 1 (t) = e(t) À a(t), a 2 (t) = e(t) + a(t).
The maximum pressure is
For given normal contact force, the radii, and the material properties of the wheel and rail, a(t) and b * (t) can be obtained by using the Hertz theory (Johnson, 1985, pp. 95-98) .
In Eq. (8), the total normal contact force P(t) is obtained from coupled vertical model of vehicle and track described in the following section.
To consider the partial slip condition, the contact area is divided into slip and stick zones, as shown in Fig. 5 . In the stick zone, the materials of the two contact bodies have identical micro-slip velocities. In the slip zone, the tangential force is proportional to the normal pressure. Carter derived the tangential force distribution for the two-dimensional partial slip elastic rolling contact. The mathematical expressions for the tangential force distribution in the slip and stick zones of the contact area, q(x, t), are (see Johnson, 1985, pp. 214-216, pp. 252-256) qðx; tÞ ¼ AE q 0 ðx; tÞ for ðÀa 6 x À eðtÞ 6 Àc þ d s Þ q 0 ðx; tÞ þ q 00 ðx; tÞ for ðÀc þ d s 6 x À eðtÞ 6 aÞ ð9Þ where q 0 ðx; tÞ ¼ fpðx; tÞ ð10Þ
where f is the friction coefficient. c represents the half width of the stick area, and d s = a À c is the distance between the centers of the slip and stick region. A graphic illustration of Eq. (9) the rail, a positive sign in Eq. (9) represents a driven wheel and a negative one is for a driving or powered wheel.
In Eq. (9), the stick zone size is determined by the contact load using the following equation
where Q denotes the total tangential force. One customary measure of partial slip is the creepage which is the ratio of the difference in speed of the two surfaces over the mean speed. According to Carter's equation, the longitudinal creepage n and the normalized tangential force Q/fP can be related by (see Johnson, 1985, p. 253) 
ÀsignðnÞ when
where R is the nominal rolling radius of the wheel and E * is the elastic contact modulus which is determined using the following equation
where E 1 and E 2 are the Young's moduli of the wheel and rail materials, respectively, and l 1 and l 2 are the Poisson's ratios of the wheel and rail materials, respectively. These parameters of the wheel and rail are assumed to be identical since steels are used for both rail and wheel and most steels have practically identical elasticity modulus and Poisson's ratio.
Coupled vertical dynamic model of vehicle and track
In most cases the total normal contact force varies with time due to the inherent vibration of the vehicles running over the rail together with the irregularities of the rail tracks. In order to find the total normal contact force P(t) in Eq. (8) caused by the irregularities and corrugation, a calculation model of railway vehicle coupled with a track is described in Fig. 6 . The track model presented in Zhai and Sun (1994) is used. In the calculation model one quarter of a railway freight car coupled the curved track is considered, and its lateral motion is neglected, namely the influence of the lateral motion on the fluctuation of P(t) is ignored since it is very small (Kalker, 1990) . Therefore, its dynamical behaviors of the left and right wheels and rails and their corresponding suspension systems occur symmetrically about the central and vertical plane of the track in the longitudinal direction. Half of each sleeper is replaced with a lumped mass (M s ), the ballast is replaced with discrete mass lumps (M b ) connected with equivalent shear springs and dampers in the vertical direction. Vertical equivalent springs and dampers are, respectively, used to connect the rail to the sleeper, the sleeper to the ballast body, and the ballast body to the roadbed. In Fig. 6 , M c is one quarter of mass of the freight car body,
are the coefficients of stiffness of equivalent springs and those of equivalent dampers, respectively, in the vertical direction, subscripts c, p, b and f indicate that the springs and dampers are used between the car body and the wheel, the rail and the sleeper, the sleeper and the ballast, and the ballast and roadbed, respectively, (K w , C w ) are, respectively, the stiffness coefficients of equivalent shear spring and that of equivalent shear damper in the vertical direction, M s is the mass of a half of a sleeper and M b is the equivalent mass of discrete half ballast bed. The structure parameters are prescribed and listed in Table 1 . In the mathematical model of the structure in Fig. 4 the rail is modeled with Euler beam. The differential equations of the car-body and wheel are, respectively, written as
where Z c and Z w are vertical displacements of the car-body, wheel, sleeper and ballast, respectively; those with a dot and two dots above them are the corresponding velocities and accelerations, respectively. The differential equations of the rail, sleeper and ballast are neglected here and can be found in Zhai and Sun (1994) . The other parameter values of track model refer to Jin et al. (2004) . The dynamic interaction between the wheel and rail is achieved by using the nonlinear Hertzian theory. The total normal load of the wheel and rail, P wr (t), usually reads 
It should be noted that the model of the normal contact load (18) is approximately described with a Hertzian contact spring with a unilateral restrain. In Eq. (18) C H is the coefficient of the normal contact stiffness concerning the Hertzian contact condition of the wheel and rail, selected as 8.43 · 10 10 N/m 3/2 , Z r (x p ) is the vertical displacement of rail at the contact point. d 0 is the approach between the wheel and rail caused by the static normal load. U 0 is the initial irregularity profile, which corresponds to the scratch on the rail in the present study. U ðkÀ1Þ PD is the depth of the uneven rail running surface caused by plastic deformation after wheel rolling passages of k À 1. If both wear and plastic deformation are considered, U ðkÀ1Þ PD should be caused by wear and plastic deformation. Zhai (1996) developed a numerical method specially to solve the coupling dynamics equations of the railway and track. The stability, calculation speed and accuracy of the numerical method were also discussed in detail.
Finite element model
As mentioned earlier, due to the limitation in the computational power, three-dimensional analysis is still very time-consuming. For the line rolling contact, two-dimensional elastic-plastic plane strain problem is assumed. The FE mesh model for the current investigation is shown in Fig. 7 . The mesh was graded such that the mesh density decreased with increasing distance from the rolling contact surface. The smallest element size used in the mesh model was 0.5 mm. A total of 47,631 eight-node quadratic plane-strain elements were employed in the finite element model. Forty-nine plane-strain infinite elements were used to represent the semi-infinite half plane. Rolling contact generally results in very localized plastic deformation. The use of the infinite elements greatly facilitates the rolling contact analysis.
The repeated rolling process was simulated with the translation of the normal pressure and the tangential traction across the contact surface in the FE mesh. It is noted that the normal pressure and the tangential traction vary with time, i.e., the total normal and tangential loads were obtained through the dynamics model in the time domain described in Section 2.2 and then the normal pressure and the tangential traction were determined by using Carter's two-dimensional rolling contact theory described in Section 2.1. Both the normal pressure and the tangential traction were applied through the concentrated node forces as time-dependent amplitude functions. The node force amplitude function was calculated by the Gauss integration before the FE simulation. A detailed description of the loading process in the simulation can be found in Wen et al. (2005a) . Numerical FE simulations were conducted using the commercial FE code ABAQUS (Hibbitt et al., 2003) .
Elastic-plastic material model
A nonlinear hardening material model used in the present paper has been developed by Lemaitre and Chaboche (1990) and is available in ABAQUS. The material model can simulate ratchetting material response at a decaying ratchetting rate. The yield stress in the material model is defined by a von Mises yield surface, and the yield function / is defined as Table 1 Parameters of structures of vehicle and track where r is the stress tensor, r dev is deviatoric stress tensor of the stress tensor, X is the backstress tensor in the deviatoric space representing the center of the yield surface, K is the drag stress, r y is the initial yield stress. A colon (:) between two tensors denotes their inner product. The material is elastic when /(r, X, K) < 0 and plastic when /(r, X, K) = 0. The development of the plastic strain e p follows the associated plastic flow rule
where _ k is the plastic multiplier. The nonlinear hardening model available in ABAQUS consists of two components: an isotropic hardening component, which describes the change of the equivalent stress defining the size of the yield surface; and a nonlinear kinematic hardening component, which describes the translation of the yield surface in stress space through the backstress X. The isotropic hardening law is defined as
where K 1 is the saturated drag stress due to the isotropic hardening, and b governs the initial rate of the isotropic hardening. The kinematic hardening follows the nonlinear Armstrong and Frederick law (Armstrong and Frederick, 1966 )
where c and c are material parameters that must be calibrated from cyclic test data. The material used in the present simulations was a pearlitic rail steel BS11 normal grade. The material parameters describing the material were obtained from Ekh et al. (2000) The above calculation model of plastic deformation induced rail corrugation is illustrated simply by Fig. 8 . The total normal load P and tangential load Q are obtained through the dynamics calculation of the vehicle and track. P and Q are used in the calculation of the normal pressure and the tangential traction distributions on the contact patch of the wheel and rail (see Eqs. (7) and (9)). If p(x, t), q(x, t) and the material parameters are known, the depth of the uneven rail running surface caused by plastic deformation is determined with the finite element model at the present step. Before the next loop calculation is carried out, the profile of the rail needs to be modified, due to the plastic deformation. Using the accumulated plastic deformation on the rail running surface, the depth of the undulatory rail running surface is used as an input of rail irregularity to the system of the vehicle and track, for the next step calculation of the dynamics. Fig. 8 indicates a feedback process between the transient coupling dynamics of the vehicle and the track and plastic deformation processes.
Numerical results and discussions
As mentioned in Section 2, we consider the contact of the left side wheel and rail shown in Fig. 3 . Fig. 9 shows the vertical loads of the left side wheel and rail when the wheelset passes the curved rails with a scratch for passages of 1, 2, 3, 5, 10 and 20, respectively. The vertical loads of the wheel and rail fluctuate in either sides of the wheel-rail static load when the wheelset passes the rails with the scratch. From Fig. 9 it is known that the scratch causes a strong vertical contact vibration between the wheel and rail. The peak vertical loads for the second passage are larger than those of the first passage. That is because the depth of the scratch becomes larger due to the plastic deformation after the first passage. However, the variations of the normal load decrease with an increase of wheelset passage after the second passage. Fig. 10 shows that the linear spectrums of the vertical load fluctuations for passages of 1, 2, 3, 5, 10 and 20, respectively. DP is defined as the fluctuating of the vertical load. The results shown in Fig. 10 indicate that the key passing frequencies of the corrugation are mainly about 122 and 271 Hz (f A and f B in Fig. 10 ). After the second wheelset passage, the weight of the vertical load vibration with the frequency about 271 Hz goes down with increasing the number of wheelset passages, and that for the frequency about 122 Hz goes up. The two frequencies of f A and f B are the main natural frequencies of the track to be easily excited when the vehicle operates on the track . In order to further clarify these two frequencies, an investigation into the resonance frequencies and
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Uneven profile of rail due to plastic deformation natural modes of the track in the vertical direction is carried out using the method presented in Sheng and Li (2007) and Sheng et al. (2005) . In the analysis the effect of the load speed on the response of the discrete support model is taken into account. Each support consists of a railpad, a sleeper, ballast and subgrade. The railpad and subgrade are modeled as a spring and the sleeper and ballast as masses. In Sheng and Li (2007) and Sheng et al. (2005) , the ballast was treated as a spring and the subgrade was neglected. The magnitude of the ratio of the displacement of the rail at the loading point for two positions (at mid-span and above a sleeper) to a moving (at 50 km/h) vertical harmonic load is shown in Fig. 11 against load frequency. Also shown is the result produced from the continuous support model (dotted line). In Fig. 11 , the solid line and dashed line denote the results at the mid-span and above a sleeper, respectively. Many resonances and antiresonances are observed which are greatly important when it comes to the magnitudes of wheel-rail contact forces and the development of irregular wheel/rail wear or plastic deformation. It can be found that the antiresonance frequencies at B1 (about 116 Hz) and D1 (about 280 Hz) in Fig. 11 just correspond to those at A and B in Fig. 10 , respectively. At B1 in Fig. 11 or A in Fig. 10 , the apparent motion of the rail is negligible compared to those of the sleepers and ballast mass, i.e., the sleepers and ballast masses vibrate on the railpad and subgrade in parallel. At D1 in Fig. 11 or B in Fig. 10 , the sleepers act as vibration absorbers to the rail, i.e., the vibration amplitudes of the rail and ballast masses are much less than those of the sleepers. Fig. 12 depicts the evolution of the contact surface profile, showing the evolution of an initial contact surface only with a scratch into a corrugated surface. In order to observe the changes of the troughs and crests of the corrugation clearly, the curves at the scratch and near the troughs (T1 and T2 shown in Fig. 12 ) and crests (C1 and C2 shown in Fig. 12 ) are enlarged, as show in Fig. 13(a) and (b), respectively. It can be found from Fig. 13(a) that the maximum depth of the scratch becomes larger after the first wheelset passage, i.e., changes from 0.2 mm to about 0.215 mm which is almost changeless when the number of wheelset passages continues to increase. This result is different from the case attributed to the wear damage mechanism (Jin et al., 2004) . The result reported by Jin et al. (2004) indicated that the depth of the scratch becomes shallow due to the wear of the rail running surface with an increase of wheelset passage. Fig. 12(b) shows that an undulatory running surface profile due to plastic deformation near the scratch initiates and propagates in the running direction of wheelset. Also it is found that the evolving corrugation has a tendency to move in the running direction of wheelset and the moving rate decays with increasing the number of passages. After wheelset passages of 20, the scratch moves forward about 4 mm, and the forward distances of the crests at C1 and C2 and the troughs at T1 and T2 are about 8, 7, 1 and 10 mm, respectively. The wave depth of the corrugation is defined as the height between the trough and adjacent crest, i.e., the difference between the z direction displacement at the trough and that at the crest. Fig. 14 shows the variation of the wave depths of corrugation, (Dd z ) r , with the wheelset passages. Fig. 14(a) illustrates the difference between the z direction displacement at the trough T1 and that at the crest C1, (Dd z ) r1 . Fig. 14(b) corresponds to that between the z direction displacement at the trough T2 and that at the crest C2, (Dd z ) r2 . After the second wheelset passage, the wave depth (Dd z ) r1 decreases and (Dd z ) r2 increases continuously with an increasing number of wheelset passages. However, the rate of such a decrease of (Dd z ) r1 or increase of (Dd z ) r2 decreases with the wheelset passages. The decay of the wave depth rate is associated with the cyclic plasticity behavior of the material. A stabilized state of corrugation can be expected due to the decaying rate. This property cannot be obtained from the rail corrugation model attributed to wear damage (Jin et al., 2004) . According to the model by Jin et al. (2004) , corrugation grows infinitely with the continuous application of rolling contact. As described above, if one expects to build a model for interaction mechanism of wear and plastic deformation, although this is difficult, the residual stresses and plastic strains are of great importance. An accurate stress analysis is crucial to understand and predict fatigue of rail or wheel. In the following, the developments of residual stresses and plastic strains are given. Fig. 15 illustrates the residual equivalent Mises stress distribution after 20 wheelset passages. It can be found that the surface movement occurs along the running direction of wheelset. That is due to action of the tangential traction. Fig. 15 shows that an undulatory surface deformation is formed on the rail running surface. The signs of C1, T1, C2 and T2 shown in Fig. 15 correspond to the troughs and crests shown in Figs. 12 and 13. The residual surface deformation in the vertical direction at scratch is the largest. A larger residual equivalent Mises stress area is located below the surface near the scratch where the contact load is larger than at other positions.
Rail corrugation
The developments of residual stresses in the x directions (r x ) r and the y directions (r y ) r below the wave crests and troughs, i.e., C1, T1, C2 and T2, are shown in Figs. 16 and 17 , respectively. In the figures the stres- ses are normalized by the yield stress in shear, k. The length is normalized in terms of the half contact width, a 0 , under half of static axle load. The residual stresses (r x ) r below the wave crests C1 and C2 are compressive on the contact surface and subsurface near the contact surface, those below the wave troughs T1 and T2 are tensile when z/a 0 < 0.3 and compressive when z/a 0 > 0.3. The maximum (absolute value) residual stresses (r x ) r and (r y ) r occur subsurface and stabilize after a limited number of wheelset passages. The residual stresses (r y ) r below the wave crests and troughs are compressive on the contact surface and subsurface near the contact surface. The maximum (r y ) r below the troughs have a quicker convergence than those below the crest. The values of the residual stresses in the y direction are slightly higher than those in the x direction. Fig. 18 shows the developments of the residual shear strains (c xz ) r below the wave crests and troughs, i.e., C1, T1, C2 and T2. It should be noted that the shear strains are normalized by k/G. The results shown in Fig. 18 indicate that the maximum residual shear strains occur subsurface and do not stabilize, but display long-term ratchetting behavior. The ratchetting rates of the maximum residual shear strains decrease with an increasing number of wheelset passages. The shear strains contribute to the surface movement.
Further discussion
The results described in last section indicates that the wavelength of the corrugation simulated in the present investigation depends on the speed of wheelset curving and the natural frequencies of the track. According to vibration theory the dynamic response of structure to an external excitation possesses some easily excited resonant frequencies of the structure. Different types of the excitations, which mainly indicate exciting frequencies and exciting energy (amplitude), stimulate different resonant frequencies of the structure at which the structure vibrates. At railway sites, rail corrugation possesses several different wavelengths or passing frequencies. According to the experiences of the authors (Jin et al., 2004 (Jin et al., , 2006b Jin and Wen, 2007) , only two or three excited resonant frequencies of track play an important role in the initiation and development of rail corrugation. Due to existing of various track irregularities, such as isolated scratches, squats, shelling, dipped wedding, rail joints, turnouts, geometry irregularities due to construction, roughness, etc., there are contact vibrations occurring between wheel and rail. The frequencies of the vibrations are just the excited resonant frequencies of the track when the vehicle passes through these irregularities. If the speed of the vehicle running on an irregular track changes the different resonant frequencies of the track are excited. When the speed increases, the higher resonant frequencies are excited and some of them play an important role in the initiation and development of rail corrugation (Jin et al., 2006c) . The wheel/rail contact vibration leads to undulatry wear on rail running surface, and plastic deformation if the elastic limit of rail head material is exceeded. The wavelengths of the undulatory wear superposed on uneven plastic deformation are obtained by dividing the running speed by the excited resonant frequencies, namely, k = v/f. When v increases f increases. Therefore, the wavelength k, namely the ratio of the speed to the resonant frequency, varies in the relatively small range even though the running speed varies largely. This is another mechanism of wavelength fixing of rail corrugation. In the present study, the two frequencies of f A and f B are easily excited and control the initiation and development of rail corrugation. As reviewed in Section 1, so far very few papers have been published on the corrugation due to plastic deformation through numerical analysis. The FE method is used in the investigation into plastic deformation induced corrugation with the used of a cyclic plasticity theory. The current investigation suggests that cyclic plastic deformation is an important mechanism associated with the initiation and evolution of rail corrugation. Jin et al. (2004) concluded that the depth of the corrugation initiated by the scratch increases with an increase of wheelset passage. It should be noted that wear is the only assumed damage mechanism in the rail corrugation model by Jin et al. (2004) . However, according to the results discussed in the present study, the evolved corrugation caused by the scratch reaches a stabilized state when cyclic plastic deformation is taken into account. The result may help to explain the steady-state corrugation observed in the real field tracks (Bö hmer and Klimpel, 2002) . This result is similar to that obtained by Bö hmer and Klimpel (2002) , while the interaction between wear and plastic deformation is ignored in the present investigation. When a vehicle passes a curved track, the sliding between the wheel and rail often occurs and wear easily forms on the rail running surfaces. In other words, in practice, both plastic deformation and wear occur on the curved rail running surface simultaneously. Repeated normal and tangential loading may lead to elastic-plastic behavior of the railhead. The wear occurred on the running surface is as a result of material accumulated plastic flow reaching material toughness limit in very thin layer of rail top (Kapoor, 1997) . Plastic deformation results in residual stresses and work hardening which inversely affects the wear. In general, the irregularities cause the fluctuating normal load and tangential traction. The fluctuating tangential traction can cause undulatory wear and plastic flow; the large fluctuating normal load can cause uneven plastic flow; the fluctuating normal load with the constant creepages can cause undulatory wear in material elastic limit and plastic flow if the material elastic limit is exceeded, etc. If a large normal load occurs at a given rail position, then plastic deformation occurred is large at this position; if sliding (full slip or partial slip) occurs at the wheel/rail interface, severe wear also occurs at the same position due to large tangential traction. Up to now it is still difficult to identify which damage mechanism become more important than the other using numerical method. Based on the literature and experience at railway sites (at least in China), the wear damage primarily associates with the short-pitch rail corrugation observed on high-speed tangent track and large radius curves. On heavy haul line and small radius curves, rail corrugation shows more plastic deformation compared to wear. Hence, it is very necessary to develop a comprehensive and validated mathematical model to explain the formation mechanism and the factors affecting the development of rail corrugation. The so-called ''a comprehensive mathematical model'', in opinion of the authors, can characterize the dynamic properties and behavior of the actual vehicle coupled with track, which influence the initiation and development of rail corrugation. Using such a model can reproduce the combination of the various dynamic behaviors influencing rail corrugation described above, considering the interactive effects of material wear and plastic deformation in the numerical simulation of rail corrugation. However, it is extremely time-consuming (Bö hmer and Klimpel, 2002) .
The current simulation was conducted using a 2.8 GHz PC computer. Due to the inherent difficulty caused by the large amount of calculations of the elastic-plastic rolling contact analysis and long computational time, only 20 rolling passes were simulated. In the current investigation, the contact pressure was assumed to follow the idealized Hertzian distribution and the Carter tangential force distribution was used. Both distributions are based on elastic solutions. A more realistic consideration should include the influence of the plastic deformation on the contact loading distributions as well as the influences of the geometry of the wheel and the rail. Such considerations require a more complicated three-dimensional model. However, due to the limitation in the computational power, three-dimensional analysis is still very time-consuming.
It was concluded by Ekh et al. (2000) that the capability of the material model used in the current simulation and the nonlinear kinematic hardening model proposed by Bower (1989) to mimic the racthetting rate and the shape of the stress-strain cycles in a uniaxial experiment is less satisfactory than that of nonlinear kinematic hardening model proposed by Jiang and Sehitoglu (1996a,b) . The evaluation of the above three material models conducted by Ringsberg (2000) showed that the model proposed by Jiang and Sehitoglu is preferable for further FE simulations of rolling contact problems. Consequently, it is necessary in the future work to adopt the model proposed by Jiang and Sehitoglu or other sophisticated models in the rail corrugation simulation. It should be, however, noted that the model proposed by Jiang and Sehitoglu with a larger number of material parameters is more complex and leads to longer computational time.
The detailed stress and strain histories obtained from the FE analysis can be used to assess the failure of a rolling element. A failure analysis can be conducted to predict the service life of wheel/rail subjected to scratch induced fluctuating loads by using multiaxial fatigue damage models.
Conclusions
When a wheelset curves through scratched rails steadily and repeatedly, the effect of the scratch on the formation and growth of rail corrugation due to plastic deformation is investigated using a numerical method. Also the detailed residual stresses and shear strains below the wave troughs and crests are studied for repeated wheelset passages. In the numerical analysis, a vertical dynamics model of railway vehicle coupled with a curved track in the time domain is used to determine the total time-dependent normal contact forces and tangential forces. Carter's two-dimensional contact theory is adopted to calculate wheel-rail contact stresses including normal pressure and tangential traction distributions. A two-dimensional elastic-plastic finite element model, including an elastic-plastic material model to account for cyclic ratchetting effect, is used to calculate the plastic deformation. The combined influences of the corrugation development and the vertical coupling dynamics of the wheelset and track are taken into account. The numerical results obtained indicate that the scratch causes strong contact vibration between the wheel and rail, and the contact loads between the wheels and rails fluctuate and lead to plastic deformation. Consequently, rail corrugation due to plastic deformation easily initiates and develops. The corrugation has a tendency to move along the running direction and its evolution rate decays as wheelset passages increase, which is opposite to the results attributed to wear damage mechanism. The wavelength of the corrugation simulated in the present investigation depends on the speed of wheelset curving and the natural frequencies of the track. The residual stresses stabilize after a limited number of wheelset passages. The residual shear strains increase at a reduced rate with an increasing number of wheelset passages. It is very necessary to develop a comprehensive and validated mathematical model to explain the formation and development of rail corrugation, in which both wear and plastic deformation are taken into account.
